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We discuss the violation of spin-charge separation in generic nonlinear Luttinger liquids and investigate its
effect on the relaxation and thermal transport of genuine spin-1/2 electron liquids in ballistic quantum wires.
We identify basic scattering processes compatible with the symmetry of the problem and conservation laws that
lead to the decay of plasmons into the spin modes. We derive a closed set of coupled kinetic equations for the
spin-charge excitations and solve the problem of thermal conductance of interacting electrons for an arbitrary
relation between the quantum wire length and spin-charge thermalization length.
PACS numbers: 71.10.Pm, 72.10.-d, 73.21.Hb, 73.63.Nm
Introduction.– The most profound implication of the Lut-
tinger liquid theory [1–3] is the separation between charge
and spin degrees of freedom [4–7]. The latter represent el-
ementary low-energy excitations of the interacting spin-1/2
fermions which are bosonic waves of spin and charge den-
sities. These collective modes do not interact and propagate
without dispersion, i.e. with different velocities independent
of the wave vector. The existence of the spin and charge
branches in the excitation spectrum of a one-dimensional
genuine electron liquid has been confirmed in momentum-
resolved tunneling experiments in quantum wires [8, 9]. The
effect is deduced from the electron tunneling probability spec-
tra that exhibit sharp peaks at energies associated with the ex-
citation of the two bosonic modes, which is viewed as a hall-
mark of spin-charge separation in the Luttinger liquids. There
is also a growing interest in revealing effects associated with
spin-charge separation in experiments with cold Fermi gases,
where spin and charge refer to two internal atomic states and
the atomic mass density, respectively [10–13].
The concept of spin-charge separation follows from an ap-
proximation made within the Luttinger liquid model, which
assumes a strictly linear dispersion relation for electrons. In
the generic case, spectrum curvature leads to a coupling be-
tween spin and charge modes. It is thus of special interest to
investigate emergent phenomena that are beyond the scope of
the conventional paradigm [14].
A real time analysis of the evolution of single particle exci-
tations and density wave packets, based on the time-dependent
density-matrix renormalization group method, revealed the
robustness of spin-charge separation beyond the low-energy
limit of the conventional Luttinger liquid theory [11]. The
ultimate fate of spin-charge separation has been recently ad-
dressed in studies of a spectral function and dynamical struc-
ture factor of spinful one-dimensional (1D) electrons [15–18].
These studies showed that interaction-induced spin-charge
separation survives away from the Fermi points in the sense
that spectral functions still exhibit power-law threshold singu-
larities, and that their behavior retains a certain universality.
The power exponents of these singularities, however, differ
from those in the conventional linear Luttinger liquid model.
Furthermore, in the general case there appear qualitatively dis-
tinct features, for example, the charge-density structure factor
acquires a peak at energies characteristic for the spin excita-
tions.
The consequences of spin-charge coupling at zero magnetic
field for the transport properties of one-dimensional electron
liquids have not been systematically studied. It should be
expected that interaction between spin and charge degrees
of freedom can lead to pronounced effects. Perhaps the
most dramatic one is that neutral spin modes can mediate
charge current [19, 20]. Spin-charge coupling gives rise to a
temperature-dependent contribution of the spin subsystem to
the resistance of a quantum wire. At low temperatures, below
the spin exchange constant, this contribution is exponentially
small and the conductance of the wire remains quantized at
2e2/h. However at higher temperatures the conductance satu-
rates to a new universal value e2/h since spin excitations are
backscattered in the wire [21]. Spin-charge coupling has also
a sizable effect on the Coulomb drag resistivity between quan-
tum wires, which cannot be described by the conventional
Luttinger liquid model since it depends on violating particle-
hole symmetry [18]. Large violation of the Wiedemann-Franz
law in weakly disordered Luttinger liquids [22] becomes even
more prominent due to the spin-charge coupling effect [23].
Motivation.– Another distinct feature of the Luttinger liquid
model is the absence of inelastic scattering processes respon-
sible for the relaxation of nonequilibrium states. At the level
of the bosonic description of the model, this property is clear
since the excitation spectrum for both spin and charge sectors
can be written in terms of the quantum harmonic oscillator
modes. In the original fermionic language this property is less
obvious, since the Hamiltonian contains a four-fermion inter-
action term, but it follows from the constraints of momentum
and energy conservations on the pair-particle collisions, which
do not change the electron distribution function and thus do
not cause relaxation. The leading effect stems from the con-
sideration of three-particle collisions [24–35]. At weak in-
teractions the three-particle scattering rate can be calculated
by using the generalized Fermi golden rule in the T -matrix,
and iterating the bare two-body interaction term to the second
order. Such a perturbative approach assumes the Born condi-
tion for scattering, namely, that the typical excitation energy
of particles should exceed the energy scale of interaction. In
the spinful electron liquid at finite temperature this criterion
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FIG. 1: Schematic picture of an allowed decay of a plasmon with
momentum q into the counterpropagating spin excitations with mo-
menta q1,2. For the repulsive interaction vρ > vσ and kinematic con-
strains uniquely fix outgoing momenta: q1 = q(vρ + vσ)/2vσ and
q2 = −q(vρ − vσ)/2vσ. This scattering process emerges from the cu-
bic nonlinearity of the spin-charge coupled Hamiltonian, Eq. (4).
is equivalent to the condition that temperature must exceed
the energy scale set by the spin-charge separation. It is the
subject of this paper to study relaxation and thermal transport
in the opposite regime of the lowest temperatures where the
picture of weakly interacting particles no longer applies and
one has to develop the appropriate phenomenology to account
for the effects of spin-charge coupling in the generic nonlin-
ear Luttinger liquids. We elucidate the microscopic mecha-
nism of relaxation due to plasmon decay and elaborate on its
manifestation in the physical observables by computing the
thermal conductance of electron liquids in ballistic quantum
wires. Apart from the conceptual significance, this study is
also relevant for experiments. It has been recently observed
that relaxation rates are parametrically distinct for particles
and holes [36]. From the transport measurements it was re-
ported that the value of the thermal conductance measured at
the plateau of electrical conductance is smaller than the ex-
pected quantized value [37] and that spin-charge separation
leads to a strong violation of the Wiedemann-Franz law [38].
Model and bosonization.– We consider interacting spin-1/2
fermions of mass m in 1D with a quadratic dispersion relation
described by the Hamiltonian (hereafter ~ = kB = 1)
H = −ivF
∑
s
∫
dx
[
ψ†Rs(x)∂xψRs(x) − ψ†Ls(x)∂xψLs(x)
]
− 1
2m
∑
s
∫
dx
[
ψ†Rs(x)∂
2
xψRs(x) + ψ
†
Ls(x)∂
2
xψLs(x)
]
+
1
2
∑
ss′
∫
dxdx′V(x − x′)ψ†s(x)ψ†s′ (x′)ψs′ (x′)ψs(x). (1)
Here the summation goes over the spin projection s =↑↓,
vF is the Fermi velocity, and V is the interaction potential.
The annihilation field operators ψRs and ψLs represent right-
and left-moving spin-s electrons, while the full operator is
ψs = ψRs + ψLs. We follow the usual prescription [39, 40] to
bosonize this Hamiltonian by introducing ψs(x) = eikF xRs(x)+
e−ikF xLs(x), where the new fields Rs(x) and Ls(x) are assumed
to vary slowly on the scale of the Fermi wavelength k−1F . In
the bosonization description these fields can be expressed in
terms of bosonic displacement ϕs(x) and conjugated phase
ϑs(x) as Rs(x) =
κs√
2pia
eiϑs(x)−iϕs(x) and Ls(x) = κs√2piae
iϑs(x)+iϕs(x),
where a is the short distance cutoff ∼ k−1F , and κs are the
Klein factors that ensure proper anticommutation relations be-
tween original fermionic operators. They obey {κs, κs′ } = 2δss′
and satisfy κ†s = κs. The bosonic fields obey commuta-
tion [ϕs(x), ϑs′ (x′)] = ipi2 sign(x − x′)δss′ . By transforming
to the spin-charge representation ϕρ = 1√2 (ϕ↑ + ϕ↓), ϕσ =
1√
2
(ϕ↑ − ϕ↓), and similarly for the conjugated ϑ field, being
careful with the point splitting of the operators, and keeping
track of the leading order nonlinearities, we arrive at the fol-
lowing Hamiltonian H = Hρ + Hσ + H3 + H4 [41]:
Hρ =
vρ
2pi
∫
dx
[
K−1ρ (∂xϕρ)
2 + Kρ(∂xϑρ)2
]
, (2)
Hσ =
vσ
2pi
∫
dx
[
K−1σ (∂xϕσ)
2 + Kσ(∂xϑσ)2
]
+
gσ
2pi2a2
∫
dx cos
[
2
√
2ϕσ
]
, (3)
H3 =
∫
dx
[
η(∂xϕρ)3 + 3η(∂xϕρ)(∂xϕσ)2 + 3ζ(∂xϕρ)(∂xϑρ)2
+3ζ(∂xϕρ)(∂xϑσ)2 + 6ζ(∂xϑρ)(∂xϕσ)(∂xϑσ)
]
,(4)
H4 = λ
∫
dx
[
(∂xϕρ)4 + 6(∂xϕρ)2(∂xϕσ)2 + (∂xϕσ)4
]
. (5)
The conventional two terms Hρ and Hσ describe the excita-
tions of the charge and spin degrees of freedom, which are
decoupled. The other two terms, H3 and H4, and also higher
order operators, mix spin and charge modes, and thus cap-
ture interactions between bosons. These terms appear upon
careful bosonization of the band curvature and backscatter-
ing terms in the original Hamiltonian, Eq. (1). The param-
eters Kρ(σ), gσ, η, ζ, and λ are determined by the interactions
between electrons, while vρ(σ) = vF/Kρ(σ) are the velocities
of propagation of spin and charge excitations. For repulsive
interactions vρ > vσ. When deriving the bosonized Hamilto-
nian we assumed relatively weak interactions between elec-
trons. One finds at that limit to the leading order in V: Kρ =
1 − 2V0−V2kF2pivF , Kσ = 1 +
V2kF
2pivF
, gσ = V2kF , η = − 16√2pim +
V ′2kF
3
√
2pi2
,
ζ = − 1
6
√
2pim
, and λ = − V
′′
2kF
12pi2 , where V0 and V2kF are zero-
momentum and 2kF Fourier components of the interaction po-
tential. We note that the form of the Hamiltonian Eqs. (2)-
(5), is dictated by the SU(2) symmetry and thus is univer-
sal. It is thus expected to describe the low-energy properties
of generic 1D electron liquids with arbitrarily strong interac-
tions. The interaction parameters of the Hamiltonian can be
3fixed phenomenologically by relating them to the other ob-
servable quantities [17, 18]. For the SU(2) symmetric point
the spin-flip coupling constant gσ scales to zero at low-energy
scales ε as gσ → gσ/[1+(gσ/pivσ) ln(kFvσ/ε)]. The parameter
Kσ = 1 + gσ/2pivσ renormalizes along with it to unity Kσ = 1.
Kinetic equations.– We concentrate on the anharmonic
terms in the Hamiltonian, Eqs. (4)-(5). An inspection of the
kinematic constraints reveals that the cubic nonlinearity in bo-
son fields allows a decay process of a plasmon into counter-
propagating spin excitations Fig. 1. One should note that sim-
ilar physics of a plasmon decay into neutral modes has been
discussed in the context of carbon nanotubes [42]. Quartic
nonlinear terms in Eq. (5) are of the same order in interaction
and also lead to plasmon decay. However, they include four
bosons in a scattering process and the corresponding rate is
parametrically smaller in q/kF  1 than that due to cubic non-
linearity because of phase space limitations. Spin excitations
cannot decay unless curvature in their spectrum is accounted
for explicitly.
Our goal is to explore the consequences of spin-charge col-
lisions on the kinetics of 1D electron liquids. For this purpose,
we expand the bosonic fields in normal modes
∂xϕν(x) = −
√
pi
2`
∑
q
√|q|e−iqx [b†ν(q) + bν(−q)] , (6)
∂xϑν(x) =
√
pi
2`
∑
q
√|q|sign(q)e−iqx [b†ν(q) − bν(−q)] , (7)
for ν = ρ, σ, where ` is the system size, and derive a closed
set of coupled kinetic equations for the occupation functions
Nρ(σ)(q) of spin and charge modes. For the process depicted
in Fig. 1 we obtain for the stationary but spatially nonuniform
situation
± vν∂xNR(L)ν = St{Nν}, (8)
where the plus/minus sign stands for the right/left movers, re-
spectively, and the collision integral reads
St{Nρ} = −W
[
NRρ (1 + N
R
σ1)(1 + N
L
σ2) − (1 + NRρ )NRσ1NLσ2
]
(9)
with St{Nσ} = −St{Nρ}. The notations here are such that
Nσ1,2 = Nσ(q1,2), and the momenta of the outgoing spin waves
are uniquely fixed by the momentum and energy conserva-
tions q1 = q(vρ + vσ)/2vσ and q2 = −q(vρ − vσ)/2vσ. The
scattering rate in Eq. (9) that follows from Eq. (4) is given by
W(q) =
|q|3Kρ(V ′2kF )2
64vσ
v2ρ − v2σ
v2σ
. (10)
One should emphasize here that band curvature terms ∝ 1/m
cancel out from the scattering rate (10), which is thus gov-
erned solely by the interaction terms. W(q) can be associ-
ated with the plasmon attenuation coefficient (inverse life time
τ−1ρ ∝ W). For the weakly interacting limit one can take
vρ − vσ ∼ V0  vF and estimate V ′2kF ∼ V2kF/kF . This re-
sults in τ−1ρ ∼ EF(V0/vF)(V2kF/vF)2(q/kF)3 [17, 18], where
EF is the Fermi energy. An interesting feature of this estimate
is that the scattering rate scales as a third power of the inter-
action parameter, which is nonanalytic in the sense of pertur-
bation theory in V . This peculiarity should be understood as
the result of perturbation theory in the limit of weak backscat-
tering constructed on the basis of the well-defined charge and
spin modes, namely, when V2kF  V0  vF . It should also
be remarked that nonlinearity of the plasmon dispersion rela-
tion results in two-plasmon collisions that give rise to a finite
lifetime of charge modes even in the spinless case [43, 44].
The corresponding rate for this process is of higher order in
q/kF  1, namely, τ−1ρ ∝ (q/kF)5, so that the spin-charge
coupling effect is expected to dominate the attenuation of plas-
mons. Dispersion nonlinearity of the spin excitations should
also lead to attenuation of spin waves due to spin-spin colli-
sions but this problem has not been addressed. Spin relaxation
has been discussed in the context of a decay of spin currents
due to backscattering spin-flip interaction which is present al-
ready in the linear LL model but assumes spin imbalance due
to polarizing magnetic field or ferromagnetic leads [45]. At
weak interaction the corresponding relaxation rate is linear in
temperature τ−1σ ∝ (V2kF/vF)2T except for the lowest temper-
atures where this rate is suppressed exponentially.
Thermal conductance.– We apply the kinetic equations (8)-
(9) to calculate plasmon-assisted thermal transport in 1D elec-
tron liquids. Consider a quantum wire of length ` attached to
leads that are kept at different temperatures Tl,r. To find the
thermal conductance K of the system we need to solve the
kinetic equations to linear order in the temperature difference
∆T = Tl −Tr. To this end, we linearize Eq. (8) by parametriz-
ing the distribution functions as follows
NR(L)ν (q, x) = nν + nν(1 + nν)Φ
R(L)
ν (q, x) (11)
where nν = [eων/T − 1]−1 is the equilibrium Bose distribution
function with ων = vν|q|, while the perturbation is Φν ∝ ∆T .
This particular choice of NR(L)ν conveniently takes care of the
detailed balance condition. We infer boundary conditions by
assuming that the temperatures of the right- and left-moving
plasmons near the ends of a wire x = 0, ` are controlled by
those in the leads, which implies
ΦRν (q, 0) =
ων∆T
2T 2
, ΦLν (0, `) = −
ων∆T
2T 2
. (12)
First, we consider the decay of a right moving plasmon.
This amounts to solving a set of three coupled linear differen-
tial equations for NRρ , N
R
σ1
, and NLσ2. In the parametrization of
Eq. (11) we find
ΦRρ (x) =
ωρ∆T
2T 2
+
vσ
vρ
nσ2(1 + nσ2)
nρ(1 + nρ)
[ΦLσ2(x) − ΦLσ2(0)], (13)
ΦRσ1(x) =
ωσ1∆T
2T 2
− nσ2(1 + nσ2)
nσ1(1 + nσ1)
[ΦLσ2(x) − ΦLσ2(0)], (14)
4ΦLσ2(x) = −
ωσ2∆T
2T 2
e−x/ξ − γ
e−`/ξ − γ
+
(ωρ − ωσ1)∆T
2T 2
e−`/ξ − 1
1 − γ
[
e−x/ξ − γ
e−`/ξ − γ −
e−x/ξ − 1
e−`/ξ − 1
]
. (15)
In these equations we introduced
γ =
nσ2(1 + nσ2)
nσ1(1 + nσ1)
+
vσ
vρ
nσ2(1 + nσ2)
nρ(1 + nρ)
, (16)
ξ−1 =
(γ − 1)W(1 + nρ)nσ1
vσ(1 + nσ2)
. (17)
Second, we consider decay of a left moving plasmon, which
is not equivalent to the above considered case because of the
finite thermal bias that manifestly breaks the detailed balance
condition. The solution of the kinetic equations is analogous
and can be obtained from Eqs. (13)-(15) by replacing R → L,
∆T → −∆T , and x → ` − x. With the help of the distribution
functions we define now the heat current
JQ =
∑
ν=ρ,σ
∫ ∞
0
dq
2pi
vνων
[
NRν (q, x) − NLν (q, x)
]
, (18)
which can be split into the two terms JQ = J0 + δJQ. The first
one is just a current of noninteracting particles J0 = K0∆T
with thermal conductance K0 = 2pi2T/3. All the spin-charge
interaction effects can be absorbed into the second term, δJQ.
When computing δJQ one has to recalculate the nonequilib-
rium distributions ΦR(L)σ from their respective momenta q1,2 to
the running integration momentum q in Eq. (18). Technically
this requires inclusion of the whole series of scattering terms
similar to that in Fig. 1. The final result can be expressed in
terms of the distribution function of the lowest energy spin ex-
citation δJQ = −
∫ dq
2pi vσωσ2nσ2(1 + nσ2)
[
δΦLσ2 − δΦRσ2
]
, where
δΦLσ2 = Φ
L
σ2(0) − ΦLσ2(`) and δΦRσ2 = ΦRσ2(`) − ΦRσ2(0). By
using Eqs. (13)-(15) δJQ can be reduced to
δJQ = −2∆TT 2
∫ ∞
0
dq
2pi
vσω
2
σ2nσ2(1 + nσ2)
e−`/ξ − 1
e−`/ξ − γ . (19)
It is an important check to see that the heat current is uniform
along the wire and all coordinate dependent terms in the dis-
tribution functions cancel out.
The typical momentum change of a plasmon in collisions is
set by the temperature q ∼ T/vρ. Provided the condition vρ −
vσ  vF one immediately concludes that q ∼ q1  q2. This
observation allows us to expand nσ2 ≈ T/ωσ2, approximate
ξ−1 ≈ q2T (V ′2kF )2/8v3σ, and neglect e−`/ξ compared to γ in the
denominator of Eq. (18) since γ(q → 0) → 8v2σ/(vρ − vσ)2 
1. This helps to simplify the expression for δJQ and find the
correction to the thermal conductance δK = δJQ/∆T in the
form
δK
K0 = −
3
4pi2
(
vρ − vσ
vσ
)2 ∫ ∞
0
z2dz
sinh2 z
[
1 − e−z2`/`ρσ
]
, (20)
where we have introduced the spin-charge thermalization
length `−1ρσ = T 3(V ′2kF )
2/2v5σ. For short wires ` 
2 4 6 8 10
{
{ΡΣ
0.001
0.002
0.003
0.004
0.005
0.006
-
∆K
K0
FIG. 2: Interaction-induced correction to the thermal conductance
of a clean quantum wire as a function of its length plotted for dif-
ferent values of interaction strength encoded by the difference be-
tween charge and spin velocities (from the bottom to the top curve)
(vρ − vσ)/vσ = 0.15, 0.2, 0.25. For `  `ρσ the correction scales with
` and saturates to a constant value proportional to (vρ − vσ)2/v2σ once
`  `ρσ in accordance with Eq. (20).
`ρσ the interaction-induced correction to the thermal con-
ductance scales linearly with the wire length δK/K0 =
−(pi2`/40`ρσ)(vρ − vσ)2/v2σ. For long wires, `  `ρσ, it
saturates to the temperature and length independent value
δK/K0 = −(vρ − vσ)2/8v2σ. The correction term in δK at
`  `ρσ falls off algebraically, ∝
√
`ρσ/`. Figure 2 represents
the behavior of δK as a function of the wire length.
It is instructive to compare these results to the earlier calcu-
lations of thermal conductance in 1D electron liquids at weak
interaction from three-particle collisions [31]. The present re-
sults apply to the regime of temperatures below the energy
scale of spin-charge separation, T < Tρσ ∼ kF(vρ − vσ).
Above that scale the saturated value of the thermal conduc-
tance crosses over to δK/K0 ∼ −(T/EF)2 in agreement with
Ref. [31]. The thermalization length `ρσ crosses over to
`−1ρσ ∼ (V0/vF)2(V2kF/vF)2(T/vF), also in agreement with the
calculations of Ref. [31]. To see that, one has to replace
T 2 → k2F(vρ − vσ)2 ∼ k2FV20 and estimate V ′2kF ∼ V2kF/kF in
`ρσ. For the typical parameters of quantum wires used in the
experiments [36] one estimates the thermalization length to be
on the scale of a few micrometers [46].
Summary.– We have studied emergent transport phenomena
in generic Luttinger liquids based on the bosonized Hamilto-
nian of spin-1/2 electrons beyond the conventional limit. We
discussed anharmonic perturbations associated with the band
curvature and the backscattering effects that mix charge and
spin excitations. Violation of the spin-charge separation, com-
bined with kinematic constraints and SU(2) symmetry of the
problem allow a decay process of plasmons into neutral spin
modes. Spin waves can also decay but this is a higher order ef-
fect which requires consideration of nonlinearities in their dis-
persion relation. We conclude quite generally that relaxation
processes in 1D electron liquids are hierarchical and charac-
terized by the multiple time scales. Attenuation of the plas-
5mons leads to thermalization and modification of the thermal
conductance of interacting electron liquids. Our main results
are Eqs. (9), (10), and (20), which represent the collision inte-
gral due to spin-charge coupling, the scattering rate for plas-
mons and the thermal conductance, respectively.
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